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A Ca{:egorgl’,: c,ollec:h'or\ obC

«VYc,c’ Clc,e’) a set

Ve, cled)xc(ce)—clece)  a fuaction
oVC id e Clc,c)

+aXioms

For sime. ca’(eaories the hom-sets can be onsidered as ‘things' other
than sets,

Eg Vect (VW) is naturally a vector space £ compusition is bilinear.
The riﬁhf Notion of ‘thinﬂ' is‘ob\jed ina Monodal caz‘ejog (V®,1).
£q (Set, x, (x3) , (vect,®, F)




L NRICHED CATEGORIES 1
A Ca{:egorg C: collection obC
«Vc,c’ C(c,c’) = Ob Set
oV, '’ clee)xc(cc)—tlc,c”) amorphisnin Sef
o VcC, {x]—>C(c,c) amorphisn in Set
+aX10MS

For some cateqeries the hom-sets can be onsidered. as ‘things' athes
than sets,

Eg Vect (VW) is naturally a vector space £ compusition is bilinear.
The riahf Notion of ‘thin\q' is‘ob\jed ina Monodal cafejo:l) (V®,1).
£q (Set, x, (x3) , (vect,®, F)




L NRICHED CATEGORIES 1
A V-categry T : collection obC
«¥Yc,c’ Clec,c’)c0bY
s VC,c' " clee)re(ce)—le,c”) amorphisn in )
o VcC, 1—Cle,c) amorphisn in V
+axioms

For some cateqeries the hom-sets can be onsidered. as ‘things' athes
than sets,

Eg Vect (VW) is naturally a vector space £ composition is bilinear.
The riahf Notion of ‘thin\q' is‘ob\jed ina Monodal cat‘ejo:l) (V®,1).
£g (Set,x, (x3) , (vect,®, F)




Do not need Y to be “concrete”,

Eg (R, +,0)  Ri- objects:  [o,od]
Mmorphisns: a—b & azb

R,-category X : collection obX

« Vo, 2/ X (x,x")e Eo,3

« VI, X" X(x,x)+ X, x")= X (x,x")
« VI 02 X(x,x)
+ N0 AX10MS

Genelization of classical (Fréchet) metric space.

o Not sanﬂefric s Allow @ distane o X(XX)=0 % =2



ExAMOLES oF 7K+—-cnfé(,omes 3
_ — b+
© ®,: Ry(ab) = mox(b-a,o) o) Toa |0

=. b=a O e

@L) [K,L/]Sf ObsethS: {ﬁ-\—’TUﬂC‘}OrG x_7\/}
distanee non-10creasig. = {f:xy | Xtz)>Y(fl0, fx)f

[X"/MT'S\ =3up, Y/—{(x)/ﬁ(z)) e-, 77:?‘

_]_
X Y

(i) M classical metric spae 0b(S,)= fcompact subsets of 1]

Sw (A®) = sup 1t M(a,b) A\

SwAR)=0 & Ac® 5



Should think of Y asthe “base cateqry” or “cateqocy of scalars”.
For “"qood” ¥ have Y-cateqories ot “scalos-valved functors”
Y] £ [TOV]

with Yoneda enbeddings
C—I®V]; c¢-T(-,c)

Analogue of “delta function”
S c—eFun(S,lF)', ) 5;.

Eg. ForRy, OobJxR.J:=/f:X=[000] | X (x,x')zf(x’)éf(oc)}
DX RA(f,9) = Subyex [ g(x) ~ F(x)f
X>XTRI; x=X(x)  isometry
For X classical | this isthe “Kuratowski enbeddmg”,




: . - Finite
Given a "'matrix M:Rﬁ sels
get linear maps: o
e FS
" (M wl(r)::gi M(r.S)w(S)

These are adjoint: <W V1W>ws _ (v, MW )FR

Given a “profunctor”

P:TP@D -V
get an odjm\ction o
[T [DVT”
) Ry ©)=], [Pcd),vd)]

Nuc (PY:=/(@,y) | o=y, Ry=gf= Fix(PP*) = Fix (P*R)



TicHT Seav L A
M classial netric spaz,  T(M)< Fun(X,R) metric spaee
Mes T(M)  via Kuratowski

In)ea‘wc evelope, Tsbell hull, ight span, hy pecconvex hu I\,
Minia| convex cpace with ice properties.

COE T o
Has been distovesed mrgﬁnes. Mang applications .
Eg ~ Recreating Ahybgenstic Arees
e ?‘GC:Aé serversS on a n@‘L\A,UTI(.



X generali Jed mefric spa. ™ Hom protuncior

X(,-): X" X >R,
Get adjunction B I
[Xop) m«;ﬂ C [X»R*«]

NX A
Nucleus isthe “Tsbel| completion” X <>T(X)

f(e) b T

For a ddSmel Metric space b r )/y _b\ st
’ RS

larest s\tinnew‘rfc subspee. ° Moy

T (M) e I(M) t\/
f(a)

T(X) - " dicected tight span’ .: 5?2?.512 ' ku(nr?” Okl fgf;z‘:)




NO{"D(\ 0’\— ’f'\/\;'le, )7—(4-]-5 . “l"\qgn;h‘d&”
E_Q\Q’ C)‘N%“@F(S‘li(, (D with size) |
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«f'u\ife YALS ,]ZE%}:} a,p 3%& ’["E‘sl %03“

f'""&e— nedeic WS

X finite mefric space ,  magnitude [XleR (if it exists)

t x| 3| [LX] > #X
oot 3::; = i as t - oo
‘ Y001 1 100 10000 £



MAGNITUDE T L

Volune. efe
of subsets of R"

b /

Minkowski — ﬂa&}%
oA imension / .

Polential £h
& Oswaa( f\f&ons

(’%io) c i\lesskl'a_

Magn iude
homology
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din(t-C)

Conlor set,C, with 4096 points j \

0° & oF 08 1

Kochcurve, K, with 12,524 points di “(t"( )
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g2 16t 10° 0 it 1t ot ?




[ EGtuoee - Sencner TRANSEORM T "
V real vector space, V¥ its dudl, TR =[-00,+0]

I*: Fun(v, ) =2 Fun(v¥ R): L,
I (£)(R)=sup,,,, f< kx> -f()], IL,(g)00=sup, ,of< kx> -g(R)]

VVEAVALED

1

The 1mge is always a (lover semicontinuous) convex function
The composites LI £ I*IL, are “comex hull” operators
We ﬂej't' an isororphism between the sets of eonvex functions.
Cvx (V, X)) =Cvx (V¥ R )



-ﬂi'(( Ew.»03 %) +,0) A ’lﬁ-categorg can have negative distonces.
Consider Y&V¥as discete [k—cafegones
V('x 1) éo |T1’X'
+00 if L#n’
IL:YOV¥F—- R ; (9( R)— {kx) =R(x)
Get R-adjuaction

Pairma:

v’ Rl\ IIV‘* RYY <2 isthe LFT

Nucleus give,s an R-isoretry;

Cux (v R) =Cvx (v )P 1ol Singer

Duality
Huch o} Rockafellars ™ Convex Analysis”is expressible as Reategory thery.
Hope : nev ways to organise and irplerertt optinization algorithrs.






