



































































METRIC LIKE SPACES

AS ENRICHED CATEGORIES

SIMON WILLERTON

UNIVERSITY OF SHEFFIELD

CAT MI 2023

BERGEN






































































ENRICHED CATEGORIES 1

A category e collection obe

Yc c Ccac a set

He c c clad xecc c else a function
He ideck.cl

axioms

For some categories thehomsets can beconsidered as things other
than sets

Eg Vect VW is naturallyavectorspace composition is bilinear

Therightnotionof thing is'objectinamonoidal category 2 0,1

Eg Set X 3 rect






































































ENRICHED CATEGORIES 1

A category e collection obe

Yc c ClscileObset

fC.cicielaclxecocY secc.c amorphism inset

HC 726,0 amorphism inset

axioms

For some categories thehomsets can beconsidered as things other
than sets

Eg Vect VW is naturallyavectorspace composition is bilinear

Therightnotionof thing is'objectinamonoidal category 2 0,1

Eg Set X 3 rect






































































ENRICHED CATEGORIES 1

A D category e collection obe

Yc c else le ODD

YC c c clad eco c else amorphism inv

KC Il Cle c amorphism in D

axioms

For some categories thehomsets can beconsidered as things other
than sets

Eg Vect VW is naturallyavectorspace composition is bilinear

Therightnotionof thing is'objectinamonoidal category 2 0,1

Eg Set X 3 rect






































































METRIC SPACES AS ENRICHED CATEGORIES 2

Do not need Dtobe concrete

Egle 1,0 Rt objects EOxF
morphisms a be a b

It category X collection oby

Vx C X xx le Eo x7

Fx 0 x Xix H X a x Xcx 0

Hx 07 12,2

the axioms

Generalization of classical Fréchet metric space

Notsymmetric Allow distance oxtail 0 Xx






































































EXAMPLES OF IRI CATEGORIES

I b aE IRI IRI a b Max b a o

b a o

Hi Ex 413 objects RI functors X Y

distance non increasing t X 4

X1xpd7Ylfbd.tooD3IX.YDIT.gl
supxYlfbligbcD EQt.X

Y

Gii M classical metricspace ob Sm compactsubsetsotm

SMH B 841 Mla D M

Sm A B O AEB






































































SCALAR VALUED FUNCTORS AND THEYONEDAEMBEDDING
4

Should thinkof Das the basecategory or categoryofscalars

For good D have D categories of scalar valuedfunctors
IIe VI EEP VI

with Yonedaembeddings
Castle VD cnet.cl

Analogueof deltafunction
so Fun S F sad's

Eg For IRI obtx.IR 1t X E0 xI1Xlxpo tbil
fbdIXRIIt.g supocex ga too

XXIII act Xlix isometry

For X classical this is the Kuratowski embedding






































































NUCLEUS OF A PROFUNCTOR 5

Given a matrix
M Rys

tsetse

FIFUNIR
get linearmaps

FREE s

Mw r MITSIWIS

These are adjoint Mtv WY V MW R

Given a profunctor
P CoD 70 P D

getanadjunctiongeon

g 110,01Isbell
B 4 c S IPad Ucd

Nuc P 410,4 PGY.PH O FIX P P FIX PTI






































































TIGHT SPAN I 6

M classical metric space TIM e Fun X R metric space

Me TIM via Kuratowski

InjectiveenvelopeIsbellhull tightspan hyperconvexhull

Minimal convex space with nice properties

Ey a

Hasbeendiscoveredmanytimes Many applications

Eg Recreatingphylogenetic trees

Placing servers on a network






































































7

I

X generalizedmetricspace Hom profunctor

Xt X XOX II
Get adjunction

yyop I IX RI
xd

Nucleus is the Isbell completion X IA

Fora classicalmetricspace

TIME IIM

largest symmetricsubspace

I X directedtightspan o Kemajou Kingi olelaotafadu
Hirai koichi multicommodityflow






































































MAGNITUDE I 9

Notion of finite D cats magnitude
Eulercharacteristic to with size

finitecats
Leinster

finitemetric spaces
I T t

finite sets finiteposets finitegroups
Rota Wall

Xfinitemetric space magnitude Xler lititexists

Axl IEX X

0.001 1 so
as to

t

Magnitude measures effectivenumberotpoints

M






































































MAGNITUDE II 10

Volume etc
of subsets of Rn Bio diversity

Magnitude
Minkowski
dimension

1 Magnitude
Potentialtheory homology

specialfunctions









































































MAGNITUDE III 10A

dimlt.cl

Cantor set C with 4096 points

10
2 100 102 104 106 T

Kochcurve K with 12,529points dimltK

1020 100 10 102 103 104 t
































































LEGENDRE FENCHEL TRANSFORM I 11

real vector space V its dual I E X of

It Fun V II Fun VIII 11

1115 k SUP Ck B FCK IL g x supper Kk 717 g k

The image is always a flower semicontinuous convex function

The composites 4 11 11 11 are convex hull operators

Weget an isomorphism between the sets of convex functions
CAN II ECU VEI



LEGENDRE FENCHEL TRANSFORM I 12

IRKED XF 1,0 An IRcategory can havenegativedistance

consider VIV as discrete R categories
vk.at oitx x

xitoc x
Pairing

4 Vor I GC R kpc Rtx

Get R adjunction
pop.IEfIvt IyoraistheLFT

Nucleusgives anti isometry

CVKCV.IR Cvx rt joe
Toland Singer
Duality

MuchofRockafellar's convexAnalysis is expressible as categorytheory

Hope newways to organiseand implementoptimization algorithms




