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Q3 Jlo 3 4 f 3 2
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X/kerf: Off

2) ~ 1
= 42
4 3

ker f = {(x1,x2) € X x X | f(x1) = f(x2)}
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Heuristic

1 2 2
3 4 4

X » X/P —2—» X/Q
l heuristic
B

Use all new information
B = X /P ~~ Final Chain algorithm (Konig, Kiipper 2014)

Process the ‘smaller half’ Surrounding block in X/Q

Let S € X/P, such that 2 - |S| < [p(5)]

{3} {2. 4} {1}
B = {ChosenBlock, SameSurroundingBlock, RemainingBlocks}
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Assume
e Finitely complete category C
e (RegularEpi,Mono)-factorisations

e F mono-preserving

Theorem (Correctness)

X —— FX

I |

X/P,' E— F(X/Q,)
If P; = Q;, then this

1. is a coalgebra

2. has no proper quotient
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partially additive functors: F(X + Y)— FX x FY,
M), (=)*, P on Set.

natural in X, Y
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Examples for sets L = {a1, a2, a3}, R={bi, b}, 1 ={_}

a1 3 b1 as b2 unzip {31, a, bl} unzip
(31 dp — a3z —, ({3173277}a

— — b b) {—.b1})
(—)* is zippable P is zippable

{{a1, b1}, {a2, b2} } {{a1, bo},{a2, b1 }}

unzipL ({{al, —}.{a2, —}}v J“"Zip Composition

{—. b1}, {—,b2}})

PeP; is not zippable Quotients
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Ingredient 2: Well-behaved Heuristics

ker a U ker b is an equivalence in Set ALl X 2B
< ker aU ker b transitive
< ¥x e C:[x]a C[x]por [x]a 2 [X]s

Example Non-Example

(¢ 9@ o X/kera (o o) (®) X/kera
@@ e ®) X/kerb ()& @) X/ker b

Heuristics respecting compound blocks:
a

f ¥
X —» X/P —Py X/Q
N J s.th. ker a U ker b equivalence
N heuristic
b -+ B

E.g. use all new information and process the smaller half
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Concrete
Algorithm?
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1 H
Q :=kera Q Nkerb X X
U 1 e —— I
X —— X FX FX
la \La’z(a,b) lFa iF(a,b)
A AxB FA F(AxB)
Theorem. In Set, ker F(a, b) = ker(Fa, Fb) if
F(L+R). - ker a U ker b
+ injective and

F(L+1) x F(1+R) an equivalence

“zippable”
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Setting for complexity analysis

Category: Heuristic: R
Set process the zippable &
e .
smaller half refinement
interface
Definition.

Functor encoding: set L of edge labels plus family of functions
bx: FX — Bf(L X X)

Encoding of coalgebra: X & px 0 pp oy Bi(L x X) has

n=|X| statesand m =} _, |px(&(x))| edges.

Eg.

L=1,bx: PiX — B(1l x X) L=N, bx: FxX — Bi(N x X)
b)<(0-(>?l)) = {(17X1)7 sy (n,x,,)}
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Definition. Refinement Interface  weight of p(S) F(X5,Xp(s))
Set W (of weights) plus edges into S weight of S weight of p(S)\ S

init: F1 x Be(L) — W, update: BiL x W — W x F(2x2) x W

s.th. some axioms are satisfied.
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Definition. Refinement Interface weight of p(S) F(xs) Xp(s))
Set W (of weights) plus edges into S weight of S weight of p(S)\ S

init: F1x Be(L) — W, update: BeL x W — W x F(2x2) x W
s.th. there exists a weight function w: Pt X — (FX — W) satisfying

F1x BiL —"ts w

<F!,fiIX~bX>T A)
FX p(S)

update

Bl x W W x F(2x2)x W forall SC TCX

fl|5 bX7 T /
(xs:x7),w(T\S))

where f||5: Be(A x X) — Bg(A), fils(F)(a) = 22, cs f(ay)
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Examples
@ ForF=P;:: L=1, W =2xN,

w:PeX — (PeX = 2xIN) w(T)(t)=(t\ T| > 0,[tN T
init: il x N —-2x NN init(z, n) = (0, n)
update: IN x (2 x IN) — (2 x IN) x P3 x (2 x IN)

V (n\s > 0), ns),
r,nT\s > 0,ns > 0),
rv (ns > 0),nms)),

update(ns, (r, nm\s)) = (

(
(r
(
(
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Examples
@ ForF=P;:: L=1, W =2xN,

w:PeX — (PeX = 2xIN) w(T)(t)=(t\ T| > 0,[tN T
init: il x N —-2x NN init(z, n) = (0, n)
update: IN x (2 x IN) — (2 x IN) x P3 x (2 x IN)

(rv (np\s > 0), ns),

(r,nm\s > 0,ns > 0),

(rv (ns > 0),n7\s)),

update(ns, (r, nm\s)) = (

° Functor: G) Bs D Fs

Labels L: G N [0,1] N
Weights W: G® B2 D2 F2
w(T), TCX: Gxt Bixt Dxt Fext
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INITIALIZATION
foreeE,e:xi>ydo
add e to toSub[x] and pred[y]
for x € X do
px := new cell in deref containing init(type[x], Bg(mp -
for e € toSub[x] do lastW[e] = px
toSub|[x] := 0

X /P := group X by type: X — H1; X/Q :={X}.
=p(S) e X/Q
SpLIT(X/P,S C T C X)

M:=0 C X/P x H3
fory € S, e € pred[y] do
xy=e
B := block with x € B € X/P
if markg is empty then
wy = deref - lastW[e]
vp := 7o - update(®, wy)
add (B, vp) to M
if toSub[x] = @ then
add (x, lastW[e]) to markg
add e to toSub|x]

(a) Collecting predecessor blocks

4. Modularity

graph)(toSub[x]))

for (B, vp) € M do
By :=0 C X x H3
for (x, pr) in markg do
£ := Bg(mp - graph)(toSub|[x])

(wg, v¥, W§\5) := update(¥, deref[pT])

deref[p] := W;\S
ps := new cell containing wg

for e € toSubl[x] do lastW[e] := pg
toSub[x] := 0
if v¥ # vy then

remove x from B

insert (x, v*) into B_sp

markg = 0

By x {vi},...,Bp x {vp}:=
group B;:’UJ by mp: X X H3 — H3

insert By, ..., By :=into X/P

(b) Splitting predecessor blocks

5. Implementation | Stefan Milius
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Assumptions. €€ Bi(L) states edges

o Refinement interface running in time O(|¢| - ¢(n, m))
{ type W, type L, init(), update() }
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Assumptions. €€ Bi(L) states edges

o Refinement interface running in time O(|¢| - ¢(n, m))
{ type W, type L, init(), update() }
@ coalgebra structure as edges with labels
C S FC 2% Bi(L x C)

= compute “smaller half” intersections in “linear” time

Theorem
@ Pseudocode correctly computes the simple quotient.

@ Overall complexity: O((m+ n) -logn - c(n, m))

WiBmann, Dorsch, Schroder, Milius (CONCUR 2017, LMCS 2020)
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Modularity

H: Set3 — Set3
H(X,Y,Z)=(PY,DZ,A x X)

FX = Pi(B:X x D(A x X))
X3 Bf L

X X2
ST
D %AX_}L

H: Set® — Set®
H(X, X2, X3, Xa, X5) = (P X2, X3 X Xa, B X, DX5, A x X)

Details: WiBmann, Dorsch, Milius, Schréder (LMCS 2020); based on Schrdder, Pattinson 2011
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FX = Pi(D(Ax X)) ~ H(X,Y,Z)=(PY,DZ,Ax X)
X = FXinSet ~ (X,Y,Z)— (PY,DZ,Ax X) in Set®

Summing up, one gets back to Set:
X+Y+ZPYADZ+AXX ZL (Pr+D+AX )X +Y +2)
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FX =P(D(Ax X)) ~ H(X,Y,Z)=(PY,DZ,AxX)
X — FXinSet ~ (X,Y,Z)—= (P;Y,DZ,Ax X) in Set?
Summing up, one gets back to Set:

X+Y+ZPYADZ+AXX ZL (Pr+D+AX )X +Y +2)

Theorem.
The simple quotient of the ‘summed up’ coalgebra yields the simple
quotient of the given coalgebra (X, ¢).
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FX = P(D(Ax X)) ~ H(X,Y,Z)=(P;Y,DZ,AxX)
X = FXinSet ~ (X,Y,Z)= (PY,DZ,Ax X) in Set?

Summing up, one gets back to Set:
X+Y+ZPYADZ+AXX ZL (Pr+D+AX )X +Y +2)

Theorem.

The simple quotient of the ‘summed up’ coalgebra yields the simple
quotient of the given coalgebra (X, ¢).

Remark.

For zippable functors F1,..., F, with their refinement interfaces one can
easily construct a refinement interface for [] F;.
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The Tool CoPaR

WiBmann, Deifel, Milius, Schroder
FM 2019, Form. Asp. Comput. 2021

Generic and flexible implementation of the algorithm

@ Implemented basic refinement interfaces: ¥, P, B, D, M),
for M=N|Z|Q|R]|(Z,max) | (R, max)

with + or -

monoid


https://gitlab.cs.fau.de/i8/copar
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WiBmann, Deifel, Milius, Schroder
FM 2019, Form. Asp. Comput. 2021

Generic and flexible implementation of the algorithm

@ Implemented basic refinement interfaces: ¥, P, B, D, M),
for M=N|Z|Q|R]|(Z,max) | (R, max)
with + or -
@ Interfaces for composed functors are automatically derived,
e.g. for P¢(A x D(—)); in general according to the grammar

monoid

functor variable polynomial constructs

Fu=X|PF | BiF | DF |MP) | C|F+F|FxF|FA
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The Tool CoPaR

WiBmann, Deifel, Milius, Schroder
FM 2019, Form. Asp. Comput. 2021

Generic and flexible implementation of the algorithm

@ Implemented basic refinement interfaces: ¥, P, B, D, M),
for M=N|Z|Q|R]|(Z,max) | (R, max)
with + or -
@ Interfaces for composed functors are automatically derived,
e.g. for P¢(A x D(—)); in general according to the grammar

monoid

functor variable polynomial constructs

Fu=X|PF | BiF | DF |MP) | C|F+F|FxF|FA
C:IN’A AZ::{S]_’“_75n}

@ Users can easily implement new refinement interfaces.

@ Available at https://gitlab.cs.fau.de/i8/copar


https://gitlab.cs.fau.de/i8/copar
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The Tool CoPaR

Refinement Interface Type

Math: init: F1 x BfA— W
update: BEAx W — W x F3 x W

Haskell:

class (Ord (F1 f), Ord (F3 f)) = Refinementinterface f where
init :: F1f — [Label f] — Weight f

update :: [Label f] — Weight f — (Weight f, F3 f, Weight f)
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The Tool CoPaR

Example: Refinement Interface Implementation for G(~)

Math: init(f,e) = (0,>e)
update(e, (r,c)) = ((r+c—> e, > e),(r,c—> e, > e),
OCe+r,c—>e)

Haskell: instance Refinementinterface R where
init f1 e = (0, sum e)
update e (r,c) = ((r + ¢ — sum e, sum e),
(r, ¢ —sume, sume),
(sume+r, ¢ —sume))



5. Implementation | Stefan Milius

The Tool CoPaR

Example: Input coalgebra for {f,n} x P¢({a, b} x X)

{f,n} x P({a,b} x X) @sa
AN

p: (o, {(a,p), (b,r)}) aa >

e @, {(a,q, (b,0P \/ b

r: (£, {(a,9), (b,p)}) O
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The Tool CoPaR

Example: Input coalgebra for {f,n} x P¢({a, b} x X)

{f,n} x P{a,b} x X) %sa
b \
p: (n, {(a,p), (b,0)}) aa =0
a: @, {(a,9), ®,0 \/ b
r: (f, {(a,q), (b,p)}) ®/
Output
Block O0: r

Block 2: q,p
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Processing Times (in seconds) for weighted tree automata

n = maximal states (+ 50 - n transitions) fitting 16 GB of RAM
~» m = 11-17 million

tp = parsing

t, = partition refinement

X = 4x X 4% X2 4x X3 4x X* 4% X5

M n tp ta n tp ta n tp ta n tp ta n tp ta

2 132177 53 188 98670 46 243 85016 47 187 59596 41 146 49375 38 114
N 113957 61 141 92434 55 175 69623 49 152 57319 47 140 48962 45 112
264 114888 58 100 95287 54 138 70660 49 107 62665 48 92 49926 44 72
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PRISM Benchmarks

PRISM Model Input Time (s) to Time (s) of
States Edges Parse Init Refine Valmari mCRL2

fms (n=4) 35910 237120 0.48 0.12 0.16 0.21 -

fms (n=5) 152712 1111482 2.46 0.68 1.10 1.21 -

fms (n=6) 537768 4205670 9.94 2.91 5.56 5.84 -

wlan2_collide

(COL=2, TRANS_TIME_MAX=10) 65718 94452 0.51 0.29 0.59 0.14 0.42

wlanO_time_bounded

(TRANS_TINE_MAX=10, DEADLINE=100) 582327 771088 5.26 3.07 5.52 0.92 3.18

vlanitine-bounded 1408676 1063522 13.42 6.17  16.13 2.52 8.58

(TRANS_TIME_MAX=10,DEADLINE=100)
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System Functor FX Run-Time (m > n)  Specific algorithm

Transiti

S;z:es:‘:)n Pe X m - logn = m - logn Paige, Tarjan 1987

LTS Pe(IN x X) m-logm = m-logm Dovier, Piazza, Policriti 2004
> m-logn Valmari 2009

g/lha;l;osv R(X) m - Iog n = m - |Og n Valmari, Franceschinis 2010

DFA 2 X XA (A fixed) n-logn = n-logn Hopcroft 1971

Al-n-

2 x Pr(A x X) Iogl(n rlA) = |A|-n-logn Gries 1973 /Knuutila 2001

Baier, Engelen
Segala m-logn : 2 AL
0 Majster-Cederbaum 2000
Systems Pt (A x DX) mp - log mp, j
= mp -logmp, Groote, Verduzco, de Vink 2018
Color
Refinement Bs m - logn = m - logn Berkholz, Bonsma, Grohe 2017
: M x MEX)
Weighted ) m- Iog2 m < m-n Hégberg, Maletti, May 2007
Tiea M non-cancellative
M x MEX)
Automata m - logm = m-logn Hégberg, Maletti, May 2007

M cancellative poly._bound
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System Functor FX Run-Time (m > n)  Specific algorithm
Transition
G Pe X m - logn = m - logn Paige, Tarjan 1987
LTS Pe(IN x X) m-logm = m-logm Dovier, Piazza, Policriti 2004
> m-logn Valmari 2009
o
e R&X) m-logn -log r, 'v e hinis 2010
. . = ' a ari, »$ncescnhinis
Chains g g [y
a S l
DFA 2 X XA (A fixed) n-logn *n C\e Lo ,;croft 1971
An et f\
2 x Pr(A x X) log(n + |A\‘ - |ug noe * Gries 1973/Knuutila 2001
’ '4
. Baier, Engelen
Segala C o%-logn : 2 AL
A x DX . Io Majster-Cederbaum 2000
Systems P( ) o D e é \
(960 +*° mp-logmp, Groote, Verduzco, de Vink 2018
el B m, n m-logn Berkholz, B Grohe 2017
. s = . erkholz, Bonsma, Grohe
Refinement ~f Yene® & g
: M x MEX)
Weighted ) m- Iog2 m < m-n Hégberg, Maletti, May 2007
Tiea M non-cancellative
M x MEX)
Automata m - logm m-logn Hégberg, Maletti, May 2007

M cancellative

poly._bound
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System Functor FX Run-Time (m > n)  Specific algorithm
Transition ) )
G Pe X m-logn = m-logn Paige, Tarjan 1987
LTS Pe(IN x X) ~.le < m - logm Dovier, Piazza, Policriti 2004

More instances: - Valiierf G

further system types Seme
. L 4
Mar.kov R(X) & Categones |ug r" * Valmari, .‘\wnceschinis 2010
Chains ‘
DFA 2 X XA (A fixed) n-logn *n C\e Lo ,;croft 1971
A - f\
2 X Pr(A X X) |Og|(,|1 T |A\‘ ,¢',: |ug n o * Gries 1973/Knuutila 2001
’ '4
Segala C .ot |0g n ) Baier, Engelen,
A x DX . | Majster-Cederbaum 2000
Systems P( ) o D o8 %\
(960 +*° mp-logmp, Groote, Verduzco, de Vink 2018
el B m, n = m-logn Berkholz, B Grohe 2017
Refinement £ . -' ¢,g = g erkholz, Bonsma, Grohe
(=X)
Weighted L3 Y ) m- Iog2 m <L m-n Hégberg, Maletti, May 2007
Tiea M non-cancellative
M x MEX)

Automata m - logm = m-logn Hégberg, Maletti, May 2007

M cancellative

poly. bound
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System Functor FX Run-Time (m > n)  Specific algorithm
Transition ) )
G Pe X m-logn = m-logn Paige, Tarjan 1987
LTS Pe(IN x X) ~.le < m - logm Dovier, Piazza, Policriti 2004
More instances: - Valiierf G
o further system types ",-."
ar. oV R(X) & Categones lug r" * Valmari, ¢ \nceschinis 2010
Chains ‘
DFA n-logn n C\e .o ,;croft 1971
Nominal systems |Al - n ',3 f\l R
& Jutomata Iog(n+ |A‘\ o ugn ries 1973 /Knuutila 200
’
' .
Segala C -« |0g n ) Baier, Engelen,
- ~ DX | Majster-Cederbaum 2000
Systems P ) °8 %\
3 ¢. mp - log mp,  Groote, Verduzco, de Vink 2018
(.
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poly. bound




Stefan Milius
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System Functor FX Run-Time (m > n)  Specific algorithm
Transition . )
G Pe X m - logn = m - logn Paige, Tarjan 1987
LTS Pe(IN x X) = e < m - logm Dovier, Piazza, Policriti 2004

More instances: — R

further system types PR
*
Mar.kov R(X) & Catego”es wgr* * .’ Valmari, .‘\wnceschinis 2010
Chains ‘
DFA n-logn *n C\e o’ ,;croft 1971
Nominal systems |A| ,3 Q
2 automata log(n + |A\‘ ot |ug n R Grles 1973 /Knuutila 2001
” '
id Baier, Engelen,
Sazla i ~DX) "l \CJ/* *Tlogn Majster-Cederbaum 2000
Systems #Y P % .*°
o 0 . e, Verduzco, de Vink 2018
L d
Col '766 .’
R 4
© f)l’ £ “ m e%sn Other types of >nsma, Grohe 2017
Refinement Ve .
system equivalences
. M x M(EX) 2
Weighted ) m - log®m < wrg, Maletti, May 2007
Tiea M non-cancellative
M x M(X)

Automata m - logm = m-logn Hégberg, Maletti, May 2007

M cancellative

poly. bound
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System Functor FX Run-Time (m > n)  Specific algorithm
;’;z:es::‘:)n Pe X m-logn = m-logn Paige, Tarjan 1987
LTS Pe(IN x X) ~.le < m - logm Dovier, Piazza, Policriti 2004

More instances: - Valiierf G

further system types PR
*
Mar.kov R(X) & Catego”es |ug UA ® .’ Valmari, .‘\wnceschinis 2010
Chains ‘
DFA n-logn n C\e o’ ,;croft 1971
Nogr;nmal S Iog|1(41|1 + |A\‘ ‘¢',; Qk;g n R Grles 1973 /Knuutila 2001
automata
"' . 7 Baier, Engel
. e aier, Engelen,
g;f:elfns Fii ~DX)  ,eDh-log ‘(\C/ Lot *Tlogn LR
7 0 .7 ‘e, Verduzco, de Vink 2018
Tt
g::)l’ _ e “ m, ¢3£n Other types of >nsma, Grohe 2017
A . o
— . =E system equivalences
Symbolic states log ,
m-log“m < xrg, Maletti, May 2007

& parallelization ):ive

Au. m-logm = m-logn Hégberg, Maletti, May 2007
Canewnative poly. bound
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System Functor FX Run-Time (m > n)  Specific algorithm

Transiti

S;z:es:‘:)n Pe X m - logn = m - logn Paige, Tarjan 1987

LTS Pe(IN x X) m-logm = m-logm Dovier, Piazza, Policriti 2004
> m-logn Valmari 2009

g/lha;l;osv R(X) m - Iog n = m - |Og n Valmari, Franceschinis 2010

DFA 2 X XA (A fixed) n-logn = n-logn Hopcroft 1971

Al-n-
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Segala m-logn : 2 AL
0 Majster-Cederbaum 2000
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: M x MEX)
Weighted ) m- Iog2 m < m-n Hégberg, Maletti, May 2007
Tiea M non-cancellative
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Automata m - logm = m-logn Hégberg, Maletti, May 2007

M cancellative poly._bound
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Further Work

Deifel, Milius, WiBmann (FSCD 2021)
1. Minimization: given an (encoded) pointed coalgebra 1 — C — FC,
compute the minimized coalgebra:
(a) compute the partition of the state set C as above
(b) compute the coalgebra structure of the simple quotient C' — FC’
(c) compute the reachable part 1 — C” — FC” of the simple quotient
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Further Work

Deifel, Milius, WiBmann (FSCD 2021)
1. Minimization: given an (encoded) pointed coalgebra 1 — C — FC,
compute the minimized coalgebra:
(a) compute the partition of the state set C as above
(b) compute the coalgebra structure of the simple quotient C' — FC’
(c) compute the reachable part 1 — C” — FC” of the simple quotient

~~ new steps (b) and (c) require non-trivial extension of the theory;

minimization interface merge: Byl — B¢l Birkmann, Deifel.

2. Distributed Algorithm and Implementation: it (LG )

e memory consumption is the bottleneck in benchmarks
e new distributed coalgebraic signature refinement algorithm
(based on Blom and Orzan's signature refinement for LTSs)

e benchmarking on high performance cluster
Deifel, Gebhart (2023)

3. Symbolic representation of states:
o represent the state space by BDDs
e implement a sequential version of coalgebraic signature refinement
operating on BDDs
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Appendix ...
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Genericity: Initial partition

Given
C - FC

Usual partition refinement algorithms

. . K
Return coarsest partition compatible with ¢, refining C — 7
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Genericity: Initial partition

Given
C - FC

Usual partition refinement algorithms

. . K
Return coarsest partition compatible with ¢, refining C — 7

!

Coalgebraic partition refinement for Z x F

For the coalgebra C <K—C2 IxFC
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If F finitary,

C —< FG(C)
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s.th. ...
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Genericity: Composition

If F finitary,
C — FG(C) > D% GC
S Fd
‘ g FL finite subset

s.th. ...

A coalgebra Factor(C, c) on Set? for the functor (X, Y) — (FY, GX):

(cd

(c,0)'“Y (FD, GC)
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Genericity: Composition

If F finitary,
C — FG(C) > D% GC
e Fd
‘ g FL finite subset

s.th. ...

A coalgebra Factor(C, c) on Set? for the functor (X, Y) — (FY, GX):

(cd

(C,D) == (FD, GC)
Examples
Pi- (Ax(-)) (2xPr) - (Ax(-))
Pr(Ax(-)-D  Pr-D-(Ax(-))
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