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Crash course in Deductive systems

The essential elements of a deductive systems look like this:

♥ ` � � ` ♣
(4) ♥ ` ♠

There is a number of deductive systems
1 algebraic logic (operations and equations)

2 essentially algebraic logic (partial operations and equations)

3 regular logic (existential quantifier)

4 coherent logic

5 first order logic

6 (infinitary) first order logic

7 type theory
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Motivation

• So, there is a number of deductive systems
• But what is a deductive system?
• A deductive system is what a deductive system looks like?

This talk tells two stories.

Context, Judgement, Deduction, (2111.09438)
This is a top-down approach to the problem. We infer from very
general principles what a deductive system should be and develop
their theory.

Bi-accessible and bipresentable 2-categories, (2203.07046)
This is a bottom-up approach to the problem. We examine a
collection of examples and provide a framework to encompass
them.
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but also...

they are the same story, really.
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Chap 1: Context, Judgement, Deduction

Let’s go back to our baby deductive system.

♥ ` � � ` ♣
(4) ♥ ` ♠

Let’s also clean our glasses.

Γ ` a : A Term Γ.A ` B Type
(DTy)

Γ ` B(a) Type

x ; Γ ` φ x ; Γ, φ ` ψ
(Cut)

x ; Γ ` ψ

6 of 19



Chap 1: Context, Judgement, Deduction
Let’s go back to our baby deductive system.

♥ ` � � ` ♣
(4) ♥ ` ♠

Let’s also clean our glasses.

Γ ` a : A Term Γ.A ` B Type
(DTy)

Γ ` B(a) Type

x ; Γ ` φ x ; Γ, φ ` ψ
(Cut)

x ; Γ ` ψ

6 of 19



Chap 1: Context, Judgement, Deduction
Let’s go back to our baby deductive system.

♥ ` � � ` ♣
(4) ♥ ` ♠

Let’s also clean our glasses.

Γ ` a : A Term Γ.A ` B Type
(DTy)

Γ ` B(a) Type

x ; Γ ` φ x ; Γ, φ ` ψ
(Cut)

x ; Γ ` ψ

6 of 19



Chap 1: Context, Judgement, Deduction
Let’s go back to our baby deductive system.

♥ ` � � ` ♣
(4) ♥ ` ♠

Let’s also clean our glasses.

Γ ` a : A Term Γ.A ` B Type
(DTy)

Γ ` B(a) Type

x ; Γ ` φ x ; Γ, φ ` ψ
(Cut)

x ; Γ ` ψ

6 of 19



Chap 1: Context, Judgement, Deduction
Let’s go back to our baby deductive system.

♥ ` � � ` ♣
(4) ♥ ` ♠

Let’s also clean our glasses.

Γ ` a : A Term Γ.A ` B Type
(DTy)

Γ ` B(a) Type

x ; Γ ` φ x ; Γ, φ ` ψ
(Cut)

x ; Γ ` ψ

6 of 19



Chap 1: Context, Judgement, Deduction
Let’s go back to our baby deductive system.

♥ ` � � ` ♣
(4) ♥ ` ♠

Let’s also clean our glasses.

Γ ` a : A Term Γ.A ` B Type
(DTy)

Γ ` B(a) Type

x ; Γ ` φ x ; Γ, φ ` ψ
(Cut)

x ; Γ ` ψ

6 of 19



Γ ` a : A Term Γ.A ` B Type
(DTy)

Γ ` B(a) Type

Analysis
1 each rule is made of judgements (Γ ` a : A Term).

2 judgements may claim different things (Term, Type...)

3 each judgement is made in context (Γ) and refers to an
object (a : A).

4 on the top of a rule we can find lists of judgements.

5 these lists may be impure, in the sense that some contexts
may be functions of previous judgements Γ.A.

So some main elements emerge: contexts, judgements and
deductions (rules). Others remain less clear, what kind of stuff
can stay on the top part of a rule?
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Idea...

What if instead of dependent lists of judgements

Γ ` a : A Term Γ.A ` B Type

We had one single limit judgement?

Γ ` (B).(a : A) ∆Type.Term

Now rules looks like functions between judgements

DTy : ∆Type.Term→ Type

Whatever this should mean.
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Judgemental theory

A pre-judgemental theory (ctx,J ,R,P) (contexts, judgements,
rules, policies) is specified by the following data:

(ctx) a category (with terminal object �);
(J ) a set of functors f : F→ ctx over the category of contexts;

(R) a set of functors λ : F→ G.
(P) a set of 2-dimensional cells filling (some) triangles induced by

the rules (functors in R) and the judgements (functors in
J ), as in the diagram below.

F G F G

H ctx

γ τ

λ

f g

λ

λ] λ]
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the rules (functors in R) and the judgements (functors in
J ), as in the diagram below.

F G F G

H ctx

γ τ

λ
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Modeling Judgements

According to this definition, a judgement looks like
f : F→ ctx,and yet,if anything, it should look like Γ ` A F.

f : F→ ctx Γ ` A F

We write

Γ ` A F i f f A ∈ f −1(Γ)
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Modeling Rules

F G

ctx

λ

f g

Γ ` F F(λ)
Γ ` λF G
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Nested Judgements?!

What about this notion of limit judgements?

F×ctx G

F G

ctx
f g

π1 π2

Γ ` F.G F×ctx G
Γ ` F F Γ ` G G
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Epilogue

This

Γ ` a : A Term Γ.A ` B Type
(DTy)

Γ ` B(a) Type

looks like

term.∆Σtype type

ctx
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Chap 2: Biaccessible and bipresentable 2-categories

As I mentioned, there’s a plethora of deductive systems.To each
of those corresponds a (2)-category of theories.
• Prod (having objects algebraic theories)
• Lex (having objects essentially algebraic theories)
• Reg (regular theories)
• Coh (coherent theories)
• ...

In the paper we use the general plan of functorial semantics, and
show that these 2-categories are categories of models of
2-theories.
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Recall the general idea of algebraic theories:

finite producs and
functors preserving them to axiomatize algebraic structures. For
example, let Mon be the category of monoids, then there exists a
category with finite products T such that

Mon ' Funprod(T,Set)

For partially defined operations, as Pawel has taught us these
days, we need finite limits, and products do not suffice anymore.
This is the case of the category Pos of posets.

Pos ' Funfinlim(T,Set)
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The gist of the paper

Thm. For each of the 2-categories M in the previous slide, there
exists a small 2-category L with finite 2-dimensional limits such
that

M ' Funfinlim(L,Cat)

(in a suitable 2-dimensional sense).

Remark. Notice, this makes the essentially algebraic, in some
sense.

Epilogue: What is a logic?
We can look at the L above as a logic, in the sense that is
prescribes the general deductive structure that its theories should
obey. This deductive structure, is encoded, on each specific
model, as a collection of finite limits operations...

φ : ctx2 → ctx
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Chap 3: Final act

We seem to have two competing models of deduction. In the first
case, rules look as follow

term.∆Σtype type

ctx

and we use finite limits of categories to describe nested premises .
In the other case, rules look as follow,

ctx2 eq(f , g)

ctx3

ctx

f

g

i

λ
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Chap 3: Look better

term.∆Σtype type

ctx

ctx2 eq(f , g)

ctx3

ctx

f

g

i

λ

But wait... they are the same thing...
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Judgemental theories of a fixed shape

thm. For L a two category generated under finite 2-limits by 1

objects, its category of models is made of judgemental theories of
shape L.

This recovers the first approach, in a precise sense, as an instance
of the second.
• We can now use this technology to compare logics
• Prove initiality results for their models
• Prove structural properties of their 2-category of theories.
• ...
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